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We study the case in which eigenvalues and elementary divisors of a Cartan matrix
of a p-block B of a ﬁnite group coincide. In several cases we prove the coincidence
occurs if and only if the Perron–Frobenius eigenvalue of the Cartan matrix is equal
to the order of a defect group of B.  2002 Elsevier Science (USA)
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1. INTRODUCTION
Let G be a ﬁnite group, let F be an algebraically closed ﬁeld of charac-
teristic p > 0, and let B be a block of the group algebra FG with defect
group D of order pd. Let CB = cij be the Cartan matrix of B and let ρB
be the Perron–Frobenius eigenvalue (i.e., the largest eigenvalue) of CB. We
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have studied some basic properties of ρB in [8], and further we have seen
in [16] that ρB is related to Brauer’s kGV  problem. Recently rationality
of eigenvalues of CB has been known to be closely related to semisimplicity
of cellular algebras in [17].
One of the most fundamental problems for eigenvalues of CB is to study
the case in which eigenvalues and elementary divisors of CB coincide. Since
the largest elementary divisor of CB is D, if the coincidence occurs then
ρB = D holds. Therefore we should ﬁrst examine when the case ρB =
D occurs. There are several cases in which ρB = D can occur, for
example, when G is p-solvable, D is cyclic, DG, and in some other cases.
In particular, in [8] we have shown that if DG then ρB = D always
holds. Let b be the Brauer correspondent of B; i.e., b is a block of FNGD
with bG = B. If B is Morita equivalent to b, then CB = Cb and so ρB =
ρb = D, because b has a defect group D and DNGD. The converse
does not hold in general, but when D is abelian, if ρB = D it seems that
B and b are nearly Morita equivalent by some evidence mentioned below
and checking the known Cartan matrices.
We ﬁrst show several cases in which ρB = D occurs. We denote by
IBrB the set of all irreducible Brauer characters in B and lB = IBrB
(A) If G is p-solvable, then ρB ≤ D, and the equality holds if and
only if the height of ϕ = 0 for all ϕ ∈ IBrB.
(B) If D = 1 is cyclic then D
p
+ 1 ≤ ρB ≤ D, and ρB = D if
and only if the Brauer tree of B is a star and the exceptional vertex, if it




m+ 1 m · · · m
m m+ 1    

  
   m
m · · · m m+ 1

 
where m is the multiplicity of the Brauer tree, em+ 1 = D, and e = lB.
(C) If B is tame, i.e., p = 2 and D is dihedral, generalized quater-
nion, or semidihedral, then lB = 1 2, or 3 and in this case ρB = D if
and only if one of the following holds.
(i) lB = 1.
(ii) D 
 E4 (an elementary abelian group of order 4) and
CB =





ρB = 4 = D.
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(iii) D 
 Q8 (a quaternion group of order 8) and
CB =





ρB = 8 = D.
(D) If DG, then ρB = D.
For the proofs of (A), (B), and (D), we refer to Theorem 4.4 in [8],
Proposition 4.7 in [8], and Proposition 4.3 in [8], respectively. We will show
(C) later in the proof of Proposition 4.
2. COINCIDENCE OF EIGENVALUES AND
ELEMENTARY DIVISORS OF CB
We will consider when eigenvalues and elementary divisors actually coin-
cide in cases (A), (B), (C), and (D) of Section 1.
Theorem 1. Let G be a p-solvable group and let B be a block of FG
with defect group D. Then the following are equivalent.
(1) Eigenvalues and elementary divisors of CB coincide.
(2) ρB = D.
(3) The height of ϕ = 0 for all ϕ ∈ IBrB.
(4) f = tf1     flB is an eigenvector of CB for D, where fi = ϕi1
for ϕi ∈ IBrB 1 ≤ i ≤ lB.
Proof. We have already proved equivalence on (2), (3), and (4) in [8].
So we will prove 3 → 1.
(a) Let G be a p-solvable group and let ηG be the character afforded
by the projective cover of the trivial FG-module. Then ηGx is a power of
p for all p-regular elements x ∈ G (see [7]).
(b) Let G be a p-solvable group, and let B be a block of FG of
full defect. If the height of ϕ = 0 for all ϕ ∈ IBrB then eigenvalues and
elementary divisors of CB coincide.
Proof of (b). Let PG be a projective cover of the trivial FG-module
and let Si Pi be a simple B-module and its projective cover, respectively.
Since G is p-solvable, it holds that dim Sip′ = dimPip′ and dimPip =
Gp for all i. Now, since dim Si is not divisible by p, PG⊗ Si 
 Pi for all 1 ≤
i ≤ lB. Let B be an lB × lB matrix ϕixj, where x1     xlB
is a set of representatives of p-regular classes associated with B. Then
the above statement means that CBB = B diagηGx1     ηGxlB.
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This implies that ηGxi is an eigenvalue of CB and tϕ1xi     ϕlBxi
is its eigenvector for 1 ≤ i ≤ lB. Since ηGxi is a power of p by (a) and
G is a unimodular matrix over a complete discrete valuation ring R (see
Theorem 11.6 in [12]), ηGx1     ηGxlB are also elementary divisors
of CB.
(c) We may assume that H = Op′ G = 1 by (b). Let b be a block of
FH covered by B and let T = TGb be the inertial group of b.
Case (i). T < G. There exists a block B′ of FT such that B′G = B and
B 
 MatmB′ (see [9]). Then by induction eigenvalues and elementary
divisors of CB′ coincide. Since CB = CB′ , eigenvalues and elementary divi-
sors of CB coincide.
Case (ii). T = G. There exists an exact sequence 1→ Z˜ → G˜→ G→
1 where Z˜ is a cyclic, central, and p′-group such that (1) there exists a
normal subgroup H˜ of G˜ which is isomorphic to H, (2) there exists a block
B˜ of FG˜/H˜ such that B 
MatnB˜ for some integer n, and (3) a defect
group D˜ of B˜ is isomorphic to D and D˜ is a Sylow p-subgroup of G˜/H˜
(see [9]). Then the height of ϕ˜ is 0 for all ϕ˜ ∈ B˜, because ϕ1 = nϕ˜1 by
(2) and the height of ϕ is 0 for all ϕ ∈ B. So eigenvalues and elementary
divisors of B˜ coincide by (3) and (b). Therefore eigenvalues and elementary
divisors of B coincide since CB = CB˜ by (2).
Proposition 2. If B is a block of FG with a normal defect group
D, then the set of eigenvalues and elementary divisors of CB are equal to
CDx1     CDxlB, where x1     xlB is a set of representatives
of p-regular classes of G associated with B. In this case, f = tf1     flB
is an eigenvector for D, where fi = ϕi1 for ϕi ∈ IBrB 1 ≤ i ≤ lB.
Proof. Let B be the lB × lB matrix ϕixj for 1 ≤ i j ≤ lB.
Then B is a unimodular matrix over a valuation ring R (see Theorem
11.6 in [12]). Let M = B diagCDx1     CDxlBB−1. Then by
[2] CB = CBM , where B is a homomorphic image of B of an algebra epi-
morphism τ FG −→ F G, for G = G/D. Now since D is a defect group of
B, if B = B1 + · · · + Br is a block decomposition of B, each Bi is a block
of F G of defect 0. So CB is the identity lB × lB matrix. This means
that CB = B diagCDx1     CDxlBB−1. Since B is a unimod-
ular matrix over R, eigenvalues and elementary divisors of CB coincide. On
the other hand, Proposition 4.3 in [8] shows that f = tf1     flB is an
eigenvector of CB for D.
Proposition 3. Let B be a block of FG with cyclic defect group D. If
ρB ∈ Z then ρB = D and further B and its Brauer correspondent b are
Morita equivalent. In particular, the following are equivalent.
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(1) Eigenvalues and elementary divisors of CB coincide.
(2) ρB = D.
If one of the conditions above holds, then the set of eigenvalues of CB is
D 1     1 and 1 = t1     1 is an eigenvector of CB for D.
Proof. If ρB ∈ Z then ρB = D by Corollary 4.8 in [8]. Then by the
fact (B) of Section 1, we have the Brauer tree of B being a star and the




m+ 1 m · · · m
m m+ 1    

  
   m
m · · · m m+ 1

 
where m is the multiplicity, em + 1 = D, and e = lB. Since b has the
same Brauer tree as B with the same multiplicity m, we have B and b
being Morita equivalent (see Theorem 19.1 in [1]). Then eigenvalues and
elementary divisors coincide by Proposition 2. In this case it is clear that the
set of eigenvalues and elementary divisors of CB are equal to D 1     1
by the form of CB above. 1 is an eigenvector for ρB.
Remark 1. Let B be a block of FG with cyclic defect group D and
ρB ∈ Z. Then by Proposition 3, 1 = t1     1 is an eigenvector of CB
for D; on the other hand, f˜ = tf˜1     f˜lb is an eigenvector of Cb = CB
for D, where f˜i = ϕ˜i1 for ϕ˜i ∈ IBrb 1 ≤ i ≤ lb = lB, by Proposi-
tion 2. So it holds that f˜1 = · · · = f˜lb but this is indeed known (see p. 138
in [1]).
Proposition 4. Let B be a tame block of FG with defect group D. If
ρB ∈ Z then ρB = D, and B and its Brauer correspondent b are Morita
equivalent. In particular, the following are equivalent.
(1) Eigenvalues and elementary divisors of CB coincide.
(2) ρB = D.
If one of the conditions above holds, then 1 = t1     1 is an eigenvector of
CB for D.
Proof. We ﬁrst show that (C) in Section 1 holds. Erdmann has classi-
ﬁed all tame blocks of ﬁnite group algebras up to Morita equivalence (see
[4]). We list below all the types of tame blocks of ﬁnite group algebras. But
there are potentially more Morita equivalence classes than the types below,
because in some of the types, certain scalars remain undetermined (e.g.,
see Section 1 in [6]). However the Cartan matrix of each of the following
types is determined only by the defect. There are 6 types, lB = 1, D(2A),
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D(2B), D(3A)1, D(3B)1, and D(3K), of Cartan matrices of blocks with dihe-
dral defect group, 6 types, lB = 1, Q(2A), Q(2B)1, Q(3A)2, Q(3B), and
Q(3K), with generalized quaternion defect group, and 11 types, lB = 1,
SD(2A)1, SD(2A)2, SD(2B)1, SD(2B)2, SD(3A)1, SD(3B)1, SD(3B)2,
SD(3C)2, SD(3D), and SD(3H), with a semidihedral defect group. We
should remark that Q(2B)2 and SD(2B)3 do not come from blocks because





, where s is a power
of 2. Then its determinant is 4s and the Cartan matrix has 1 as its elemen-
tary divisor. But Olsson showed that any Cartan matrix of a block whose
defect group is quaternion or semidihedral with two simple modules has 2
as its elementary divisor (see [14, Proposition 3.2]). The authors wish to
express their heartfelt thanks to T. Holm who kindly informed them of this
remark (see also the beginning of 4.1 in [6]).
When lB > 1, we can check that any types of Cartan matrices have no
rational largest eigenvalues except for two cases. As an illustration we show
this about types D(2B) and SD(3B)2.






where m = D/4. Then c22 = m + 1 < ρB < m + 3 by Lemma 3.1 and
Proposition 3.3 of [8]. Assume that ρB ∈ Z. Then ρB  D = 4m by
Corollary 4.6 of [8]. This implies that ρB = 2m. Then 1 < m < 3 and





is not an integer. This is a
contradiction.








where s = D/4. Now D ≥ 16; so s ≥ 4. If s = 4, then minimal and a
maximal row sums of CB are 9 and 16, respectively, and so 9 < ρB < 16. If
ρB is an integer, then it must be a power of 2 ≤ D by Corollary 4.6 in [8].
This is a contradiction. Then s ≥ 8. We have s+ 2 = c22 < ρB < maximal
row sum = s + 8. So if ρB ∈ Z, then ρB = 2s or 4s. If ρB = 2s, then
2 < s < 8. This contradicts s ≥ 8. Similarly, if ρB = 4s, then s = 2 and
this is also a contradiction. When lB > 1, we can prove in a similar way
that ρB is not an integer for other types except D(3K) and Q(3K).
If lB > 1 then there remain two types of Cartan matrices. One of them
is the case D(3K) in which D is dihedral, lB = 3, and
CB =

 2 1 11 m+ 1 m
1 m m+ 1

 
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2m + 1 < ρB ≤ 2m + 2 by Lemmas 2.3 and 3.1 in [8]. So, if ρB ∈ Z,
then m = 1 and so ρB = D = 4. This case actually occurs, for example,
when B is the principal block B0PSL2 q q ≡ 3mod 8. The other case
is Q(3K) in which D is a generalized quaternion, lB = 3, and
CB =

 4 2 22 k+ 2 k
2 k k+ 2

 
where k = D/4. In this case, if ρB ∈ Z, then k = 2 for the same reason
as above and ρB = D = 8. This case also actually occurs, for example,
when B is the principal block B0SL2 q q ≡ 3mod 8. Thus we have
shown (C).
We next show that if ρB ∈ Z then B and its Brauer correspondent b are
Morita equivalent. Suppose that lB = 1. If B is a tame block such that
lB = 1, then B is nilpotent (in the sense of Broue´–Puig) and hence B is
Morita equivalent to FD by [15]; moreover every nilpotent block is Morita
equivalent to its Brauer correspondent. So we may assume that lB = 3
and ρB = D. If D is isomorphic to a Klein four group and B is of type
D(3K)m=1, then [3] or V 2.14 in [4] shows that lb = 3. Hence b must
be of type D(3K)m=1. Otherwise, b is of type Q(3K)k=2 since ρb = D.
This is impossible. So B and b are Morita equivalent (see [4]). If D is a
quaternion of order 8 and B is of type Q(3K)k=2, then [14] or V 2.15 in [4]
shows that lb = 3. Hence b is of type Q(3K)k=2. So B and b are Morita
equivalent (see [4]). We remark that the problem of scalars mentioned at
the beginning of the proof of this proposition does not occur for blocks
with a Klein four-defect group or blocks with a quaternion defect group
of order 8 having one or three simple modules. Therefore Proposition 2
shows that eigenvalues and elementary divisors of CB = Cb coincide. We
have 1 = t1     1 being an eigenvector of CB for D by the form of CB.
Remark 2. Suppose that B is tame with lB = 3 and ρB ∈ Z. Then
Proposition 4 shows that 1 = t1 1 1 is an eigenvector of CB for D. On
the other hand, f˜ = tf˜1 f˜2 f˜3 is an eigenvector of CB = Cb for D, where
f˜i = ϕ˜i1 for ϕ˜i ∈ IBrb 1 ≤ i ≤ 3, by Proposition 2. But it is easy to see
indeed that f˜1 = f˜2 = f˜3 in the blocks D(3K)m=1 and Q(3K)k=2.
From these results the following questions arise naturally.
Question 1. For any ﬁnite group G and any block B of FG are the follow-
ing equivalent?
(1) Eigenvalues and elementary divisors of CB coincide.
(2) ρB = D.
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Furthermore,
Question 2. For any ﬁnite group G and any block B of FG, does ρB ∈
Z mean ρB = D?
We have an afﬁrmative answer for Question 2 if D is cyclic or B is tame
as is shown above. Moreover we have the following;
Proposition 5. Let G be a p-solvable group and let B be a block of FG
with defect group D. Assume that lB = 2. If ρB ∈ Z then ρB = D.
Proof. Let us set IBrB = ϕ1 ϕ2 and the height of ϕ1 = 0. By
Theorem 2.4 in [13] we have
CB =
(
pd − p2e+γh pe+γhx
pe+γhx pγ1+ hpe
)
where D = pd, e is the height of ϕ2, and x = ϕ11/ϕ21p′ . Here, h is
an integer and pγ is an elementary divisor of CB which is different from
pd (see Theorem 2.4 in [13] for details).
By Corollary 4.6 in [8] ρB ∈ Z implies that ρB = pc for some inte-
ger 0 ≤ c ≤ d. Since elementary divisors are pd and pγ, another eigen-
value of CB is pd+γ−c . Then pc > pd+γ−c means that c > d + γ/2 > γ.
We have trCB = pc + pd+γ−c . On the other hand, by the form of CB
above trCB = pd + pγ − p2e+γh + pe+γh. Thus pepe − 1h = pc−γ −
1pd−c − 1. Since c > γ, if d > c then p does not divide the right-hand
side. Then e = 0 and the left-hand side must be zero and this is impossible.
So c = d.
From Propositions 3 and 4, when a defect group D of B is cyclic or B
is tame, if ρB = D then B and b are Morita equivalent. The same is
true when G is p-solvable and D is abelian (e.g., see [5]) or G is p-solvable
and B is the principal block of FG by [11]. However ρB = D does not
always imply that B and b are Morita equivalent even if G is p-solvable as
the following example shows:
Example (Ku¨lshammer and Robinson [10]). Let G = SL2 3 · E33 ,
for p = 3, where E33 is an elementary abelian group of order 33 and G is a
semidirect product of SL2 3 with E33 . The action of H = SL2 3 to E33
is not faithful, whose kernel is equal to the center ZH of H. H/ZH is
isomorphic to the alternating group A4 of degree 4. A4 is isomorphic to
the subgroup of GL3 3 generated by
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So the action of H on E33 is determined in this sense. Then G has two
3-blocks B0 B1, where B0 is the principal 3-block. Both are of full defect and
a Sylow 3-subgroup is isomorphic to Z3wrZ3 with lB0 = 2 and lB1 = 1.
Let b0 b1 be the Brauer correspondent of B0 B1, respectively. Then lb0 =
lb1 = 1. Further calculation shows indeed that kB0 = 13 kB1 = 12,
and kb0 = kb1 = 17. Then, since lB1 = 1, ρB1 = D but B1 and b1
are not Morita equivalent, because kB1 = kb1.
In the above example D is not abelian. So the following question arises.
Question 3. If ρB = D and D is abelian, are B and b Morita equiv-
alent?
When D is abelian Broue´ has conjectued that B and b are derived equiv-
alent. For example, let B be the principal 2-block of the alternating group
G = A5 and let b be its Brauer correspondent. Then NGD is isomorphic
to the alternating group A4 and Cartan matrices of B and b are
CB =

 4 2 22 2 1
2 1 2

 and Cb =





respectively. Rickard proved that B and b are derived equivalent. But they




2 is not an integer. Several authors have shown that B and its
Brauer correspondent b are derived equivalent but not Morita equivalent
through the process of proving that Broue´’s conjecture is true for some
ﬁnite simple groups with an abelian Sylow p-subgroup. As far as we know
such Cartan matrices of B and b are different and further ρB is not
an integer similar to the above case. This observation might suggest that
Question 3 has an afﬁrmative answer.
Remark 3. We give further information on the number of irreducible
characters kB i of height i in B about G in the Example. kB0 0 =
kb0 0 = 9 and kB1 0 = kb1 0 = 9, but kB0 1 = 4 kb0 1 = 8
and kB1 1 = 3 kb1 1 = 8.
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